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General relation is derived which expresses the fidelity of
quantum dynamics, measuring the stability of time evolution
to small variations in the hamiltonian, in terms of ergodic-
ity of an observable generating the perturbation as defined
by its time correlation function. Fidelity for ergodic dynam-
ics is predicted to decay exponentially on time-scale ∝ δ−2,
δ ∼ strength of perturbation, wheareas faster gaussian de-
cay on shorter time scale ∝ δ−1 is predicted for intergrable,
and more generally non-ergodic dynamics. This surprising
result is demonstrated in quantum Ising spin-1/2 chain peri-
odically kicked with a tilted magnetic field where we find finite
parameter-space regions of non-ergodic and non-integrable
motion in thermodynamic limit.
PACS number: 05.45.-a, 03.65.Yz, 75.10.Jm
Although classical ergodic theory is an established sub-
ject, the quantum signatures of variuous types of classical
motion, ranging from integrable to ergodic, mixing and
chaotic, are still lively debated issues (see e.g. [1]). Most
controversial is the absence of exponential sensitivity to
variation of initial condition in quantum mechanics which
prevents direct denition of quantum chaos [2]. However,
there is an alternative concept which can be used in clas-
sical as well as in quantum mechanics [3]: One can dene
stability of motion with respect to small variation in the
Hamiltonian. Clearly, in classical mechanics this concept,
when applied to individual trajectories, is equivalent to
sensitivity to initial conditions. Integrable systems with
regular orbits are stable against small variation in the
hamiltonian (the statement of KAM theorem), wheres for
chaotic orbits variing the hamiltonian has similar eect
as variing the initial condition: exponential divergence of
two orbits for two nearby chaotic hamiltonians.
The quantity of the central interest here is the -
delity of quantum motion. Consider a unitary oper-
ator U interpreted as a one-step propagator, Floquet
map U = T^ exp(−i R 10 dτH(τ)) of (periodically time-
dependent) Hamiltonian H (H(τ + 1) = H(τ)), or a
quatum Poincare map. The influence of a small per-
turbation to the unitary evolution, which is generated
by hermitean operator A, Uδ = U exp(−iAδ), δ being a
small parameter, is described by the overlap hψδ(t)jψ(t)i
measuring the Hilbert space distance between exact and
perturbed time evolution from the same initial pure state
jψ(t)i = U tjψi, jψδ(t)i = U tδ jψi, t integer. This denes
the delity
F (t) = hU−tδ U ti, (1)
where the average is performed either over a xed pure
state h.i = hψj.jψi, or, if conventient, as a uniform av-
erage over all possible initial states h.i = (1/N ) tr (.), N
being the Hilbert space dimension. The quantity F (t)
has raised considerable interest in the literature, though
under dierent names and interpretations: First, it has
been originally proposed by Peres [3] as a measure of
stability of quantum motion. Second, it is the Loschmidt
echo measuring the dynamical irreversibility of quantum
phases, used e.g. in spin-echo experiments [4] where one
is interested in the overlap between the initial state jψi
and a state U−tδ U
tjψi which is obtained by composing
forward time evolution, imperfect time inversion with
some small residual interaction described by the opera-
tor Aδ, and backward time evolution. Third, the delity
has become a standard measure characterizing the loss
of phase coherence in quantum computation [5].
The main result of this paper is a relation of delity to
ergodic properties of quantum dynamics, more precisely
to the time autocorrelation function of the generator of
the perturbation A. Quantum dynamics is said to be
ergodic in a suitable Hilbert (sub)space if a time aver-
age of the relevant hermitean operator is proportional
to a unit operator A = hAi1, and quantum mixing if
limt!1hAB(t)i = hAihBi for an arbitrary pair of ob-
servables [6,7]. Quantum dynamics of nite and bound
systems has always a discrete spectrum since the eec-
tive Hilbert space dimension N is nite, hence it is non-
ergodic and non-mixing: time correlation functions have
fluctuating tails of order  1/N . In order to reach gen-
uine complexity of quantum motion with possibly conti-
nous spectrum one has to enforce N ! 1 by consider-
ing one of the following two limits: quasi-classical limit
of eective Planck’s constant ~! 0, or thermodynamics
limit (TL) of number of particles, or size L!1. Discus-
sion in this paper will be general, but we will later apply
our results to TL of a many-body problem. Our result is
very surprising in the sense that it predicts the average -
delity to exhibit exponential decay on a time scale / δ−2
for ergodic systems, but much faster, typically gaussian
decay on a shorter time scale / δ−1 for integrable and
more general non-ergodic systems. It is demonstrated in
the so-called Kicked Ising model (KI), namely the Ising
spin 1/2 chain periodically kicked with tilted homoge-
neous magnetic eld. We nd that KI possesses nite
parameter-space regions of clearly non-ergodic behavior
in TL surrounding the integrable cases of longitudinal
and transverse elds [8], which is an independent evi-
dence for a conjecure [7] on existence of intermediate,
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non-integrable and non-ergodic quantum motion of dis-
orderless interacting many-body systems in TL.
We start by rewriting the delity (1) in terms of
Heisenberg evolution of the perturbation At := U−tAU t











t0 = exp(−iδAt0−1). T^ is a left-
to-right time ordering. Next we make an expansion in δ
expressing the delity in terms of correlation functions








hAt1At2   Atmi. (3)
As discussed bellow the series (3) is always absolutely
convergent. We can make the series starting at second
order m = 2 by choosing the perturbation operator with
vanishing rst moment ~A = A−hAi1, h ~Ai = 0. The eect
of shifting the generator by a multiple of unity A ~A is
simply a complex rotation of the delity F (t) ~F (t) =
exp(−ihAiδ)F (t) so we assume hAi = 0 in the following.
One easily works out the delity up to second order in δ





(t− jt0j)CA(t0) +O(δ3), (4)
where it is assumed that 2-point time correlation function
is homogeneous CA(t0 − t) := hAtAt0i, as is the case for
uniform average over all initial states h.i = tr (.)/N . For-
mula (4) is revealing a simple general rule: the stronger
correlation decay, the slower is decay in delity, and vice
versa. Then we discuss qualitatively dierent cases:
I. Ergodicity and fast mixing. Here we assume that
CA(t) ! 0 suciently fast that the integral/sum con-
verges, SA := (1/2)
P1
t=−1CA(t), jSAj < 1. For times
t much larger than the so-called mixing time scale t tm





t jCA(t)j, it follows that the delity
drops linearly in time Fe(t) = 1− t/τe +O(δ3) on scale
τe = S−1A δ
−2. (5)
In order to show a stronger result we further assume fast
mixing with respect to product observables Btt0 = AtAt0
with hBtt0i = CA(t0 − t), of order k  2, namely
hBt1t2Bt3t4   Bt2k−1t2ki !
Qk
j=1hBt2j−1t2j i as t1, t2, . . .
are ordered and t2j+1 − t2j ! 1. Therefore, the lead-
ing contribution for large t to each m-term of (3) comes
from sequences (t1, t2, . . . tm) where consecutive pairs
(t2j−1, t2j) are close to each other, t2j−t2j−1 < tm. Since
for odd m time indices cannot be paired these terms
should vanish asymptotically (as t ! 1) relatively to
even m terms. Thus we can evaluate (2k−1)!! equivalent
even m = 2k terms in Eq. (3) as k-tuple of independent







Note that formulae (5,6) remain valid in a general case of
inhomogeneous time correlations where one should take
SA := limt!1(1/t)
P1
t,t0=0hBtt0i. For very short times
t  tm, such that C(t)  C(0) delity always starts to
decrease quadratically as follows from (4).
II. Non-ergodicity. Here we assume that auto-
correlation function of the perturbation does not decay




0), though the rst mo-
ment is vanishing hAi = 0. For times t larger than the
averaging time ta in which a nite time-average eectively
relaxes into the stationary value DA, we can write -
delity to second order which decays quadratically in time,





More general result can be formulated in terms of a
time averaged perturbation A = limt!1(1/t)
Pt−1
t0=0At0 ,
namely for t ta Eq. (3) can be rewritten as





h Ami = hexp(−iδ At)i. (8)
Although low delity behavior of non-ergodic systems,
where higher m-orders become important, depends gen-
erally on the sequence of moments h Ami, we argue be-
low by giving an example of spin 1/2 chains that there
are large classes of perturbing operators where these mo-
ments can be shown to possess normal gaussian behav-
ior, yielding Eq. (9). Non-ergodic behavior is certainly
present for generic observables in comletely integrable sys-
tems where a sequence of conservation laws can be used
to estimate the time-averaged correlator DA [9], but we
wish to make a stronger statement, namely that there is a
generic regime of intermdiate dynamics in non-integrable
systems displaying non-ergodic behavior [7].
III. If dynamics of At is ergodic DA = 0 but the cor-
relation decay is absent or too slow, SA = 1, then the
delity will asymptotically, as δ ! 0, interpolate between
linear and quadratic decay in time t.
Now, let us apply our theory to quantum spin-1/2
chains described by Pauli operators σxyzj on a periodic
lattice of size L, j + L  j, acting on a Hilbert space
of dimension N = 2L. In what follows we x the av-
erage h.i = tr (.)/N , N = 2L and assume that our
Floquet-operator U is translationally invariant (TI) on
a lattice. It is useful to introduce a set of local TI






j+1   σsnj+n, of order
n  L, where s = [s0, s1 . . . sn], s0, sn 2 fx, y, zg,
sj 2 f0, x, y, zg, 1  j  n− 1, and σ0j := 1. By means of
combinatorics and hσsjσrki = δj,kδs,r one may show con-
traction rule for averaging products of local TI operators







while for odd number hZs1Zs2   Zs2k+1i = O(L−1),
hence Zs become independent gaussian eld variables
in TL depending on a multiindex s of variable but -
nite length. Therefore, any TI pseudo-local (PL) ob-
servable A, having by denition [7] l2-expansion in
the basis Zs (when L = 1), namely A =
P
s asZs,
hA2i = Ps jasj2 < 1, possesses normal gaussian mo-
ments hA2ki = (2k − 1)!!hA2ik(1 + O(L−1)). Further,
for a general TI PL observable A, its time average A is
also TI PL, since it can be formally expanded in terms
of Zs due to construction of A, and such expansion ab-
solutely converges since h A2i = h AAi = DA < hA2i [10].
However, for a more general non-TI PL observable A,
i.e. such that its linear projection to the space of TI ob-
serbables (1/L)
PL
n=0Aj~σj!~σj+n is PL, one cannot gen-
erally show that A is TI PL although we believe that this
is a typical situation, which we can prove in two cases:
(i) If the spectrum of propagator U is non-degenerate
(for any nite L), then the matrix of A is diagonal in the
eigenbasis of U and A is TI due to Bloch theorem. (ii)
If the system is integrable having a complete set of TI
PL conservation laws Qn, n = 1, 2 . . . in the sense that
fQng is a complete set of eigenvectors of the Heisenberg
map U^A = U yAU for eigenvalue 1 then the time av-
erage is a projection A =
P
nhQnAiQn (assuming thathQnQmi = δnm) which is TI PL. This is the case for KI
model studied below. Finally, assuming either (i), (ii), or
just TI PL perturbationA, we nd that moments of time-
average A are gaussian h A2ki = (2k−1)!!DkA(1+O(L−1)).





for t  ta, on a time scale (7), which can be computed
in a typical integrable situation (ii) as shown bellow.
However, F (t) decays as t!1 according to Eqs. (6,9)
only if N = 1, whereas for nite N , F (t) will typically
start fluctuating around zero with magnitude Ffluct =
N−1/2 for very long times t > t(N ) where the time scale
t(N ) is determined from the condition F (t)jN=1 =
N−1/2. Furthermore, F (t) decays all the way down to
N−1/2 only for a typical or random initial state jψi with
 N nonvanishing components when expanded in the
eigenbasis of U , or for an average over jψi. On the other
hand if one considers initial state which, when expanded
either in the eigenbasis of U or of Uδ, contains essentially
only few, say m dominating components, like the regular
state of Peres [3], then F (t) is a quasi-periodic function
with m frequencies / δ and amplitudes  1/m.
































ing on a triple of independent parameters (Jz, hx, hz). KI
is trivially integrable for hx = 0, it has been shown to be
integrable for transverse eld hz = 0 [8], and has nite
parameter regions of ergodic and non-ergodic behaviors
for a tilted eld (see g 1). In the integrable situaton of
transverse eld the Heisenberg dynamics can be calcu-
lated explicity for observables which are bilinear in fermi






j0 with time correlations
decaying to the non-ergodic stationary values as CA(t)−
DA  t−3/2 [8]. For DA we nd expicit expressions,
the simplest, Dσx = (maxfj cos(2Jz)j, j cos(2hx)jg −
cos2(2hx))/ sin2(2hx), and DM = LDσx , for one x−spin
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FIG. 1. Correlation decay for three cases of KI: (a) inte-
grable hz = 0, (b) intermediate hz = 0.4, and (c) ergodic
hz = 1.4, for different sizes L = 20, 16, 12 (solid-dotted con-
nected curves, almost indistinguishable in (a,b)). Circles
(a) show exact L = ∞ result. Chain lines are theoreti-
cal/suggested asymptotics (see text).
In a general situation of non-integrable KI we wish to
test our theory by a numerical experiment. We consider
a line in 3d parameter space with xed J = 1, hx = 1.4
and variing hz exhibiting all dierent types of dynam-
ics: (a) hz = 0 integrable, (b) hz = 0.4 intermedi-
ate (non-integrable but non-ergodic), and (c) hz = 1.4
ergodic and mixing. In all cases we x the operator
A = M which generates the perturbation of KI model
with hx ! hx + (h2x + h2zh coth)δ/h2 + O(δ2), hz !
hz +hxhz(1−h coth)δ/h2+O(δ2), where h =
p
h2x + h2z,
and vary L and δ. Since we want the perturbation
strength to be size L-independent we scale it by x-
ing δ0 = δ
p
L/L0 where L0 := 24. Time evolution
3
has been computed eciently by iterating the factored
Floquet map (in terms of 1-spin and 2-spin propagators
- ‘quantum gates’), requireing / L2L computer opera-
tions per iteration per initial state. In integrable case (a)
we conrm saturation of correlations to the theoretical
value [8] DM = 0.485126  L (g 1a), as well as gaus-
sian decay of delity (9) with time-scale τne given by (7)
which terminates at t  tne = τne(lnN )1/2 (g. 2a) In
non-integrable (intermediate) case (b), we nd persist-
ing non-ergodic and non-mixing behavior since rescaled
correlation functions of typical observables CA(t)/hA2i
relax on a short L-independent time scale to a nonvan-
ishing value DA/hA2i and converge to TL very quickly
with increasing size L (g. 1b), but as opposed to inte-
grable case (a) the relaxation appears to be exponential
jCM (t) −DM j/L  exp(−t/ta) with ta  7.2 (inset 1b).
Such behavior has been observed for other two compo-
nents of the magnetization My,Mz and supports exis-
tence of intermediate dynamics observed previously in
kicked t-V model [7]. In g. 2b we conrm gaussian
decay of F (t) predicted (7) from numerically observed
value of DM = 0.293  L, again up to time tne(2L). In
ergodic case (c) we nd fast decay of correlation functions
tting well to an exponential jCM (t)j/L  exp(−t/tm),
with tm  6.0. Consequently we nd exponential decay of
F (t) of eqs. (6,5) using SM = (1/2)
P
t CM (t)  2.54L,
up to the saturation time te = (1/2)τe lnN (g. 2c).
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FIG. 2. Absolute fidelity |F (t)| for three cases of KI: (a)
integrable hz = 0, (b) intermediate hz = 0.4, and (c) ergodic
hz = 1.4, for different sizes L = 20, 16, 12 and different scaled
perturbations δ0. Chain curves give theoretical predictions.
In conclusion, we have presented a simple theory for
the stabiliy of quantum motion with respect to a static
perturbation of the evoluton operator in the limit of
Hilbert space dimension N ! 1, characterized by the
delity measuring the distance between time evolving
states. The delity was expressed in terms of integrated
time-correlation functions of the perturbing operator,
showing that faster decay of correlations gives slower de-
cay of delity, meaning that \chaotic" dynamics is more
stable in Hilbert space than \regular" (unless the state
that one is looking at is simply related to the eigenstates
of system)! In the two limiting cases of mixing and inte-
grable (or more generally, non-ergodic) dynamics we nd,
respectively, exponential and gaussian decay. For exam-
ple, our nding has strong implication for the stability of
quantum computation [11]. Alternatively, if the delity is
interpreted as a ‘quantum dissipation’ from a referential
state vector (6) then Eq. (5) is a fluctuation-dissipation
formula for the ‘transport coecient’ 1/τe which diverges
in non-ergodic regime. If the system has a well dened
classical limit then our formula (5) has a clear classi-
cal limit too, with an integrated classical autocorrelation
function substituting the quantum one [12].
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